Errata, Comments, and Additional Solutions
Student Solution Manual

Includes all errata and comments through March 8, 2005

We thank Lewis Atchison, Jonathan Bergknoff, Chris Hruska, Todd Kemp, Steven Hoffenson,
Dick Palas, James Versyp, and Peng Zhao for pointing out errors.

Page 1  Remark concerning Exercise 0.2.1: The reference to Fermat’s little theorem should be
deleted.

For the solution to Exercise 0.4.7 to be correct, one would have to change the problem to
exchange h and k (i.e., h: C — A,k : A — C). The solution for the existing exercise is

The following are well defined: gof: A —-C, hok:C —-C, kog: B— A, koh: A — A,
and fok :C — B. The others are not, unless some of the sets are subsets of the others. For
example, f o g is not because the range of g is C, which is not the domain of f, unless C C A.

Exercise 0.4.9 part (a) gives the solution for a = 2, whereas the exercise stipulated a = 3. The
correct solution is f(g(h(3))) = f(g(—1)) = f(—3) =8.

Page 5 The solution in Exercise 0.7.9 is the solution to the wrong equation, x2 4+ 2iz — 1 = 0.

The correct solution is
—i++/—-1-8

5 , so the solutions are x = ¢ and x = —2i.

(a) The quadratic formula gives =
The solution to part (c) is missing. It is
(c) Multiplying the first equation through by (1 + ) and the second by i gives
t(1+d)e—2+9)(1+)y=3(1+1)
i(1+1d)z — y = 4i,
which gives

) ) - o1
—2+i)(1+i)y+y=3—14, Iie, y:z+§.

7 8
Substituting this value for y then gives z = 3~ gz
Page 9 The (c) in the first line should be at the beginning of the third line.
Page 11  The solution to Exercise 1.3.15 uses the dot product, which is introduced only in the
next section. Here is a different solution:

We need to show that A(V + W) = AV + AW and that A(cV) = cAV. By Definition 1.2.4,

n n
(AV)i = > aipvp,  (AW); =Y a;pwy, and
k=1 k=1

(AF+W)), =) aix@+w)r =Y ain(vn+we) =Y aipvp + Y a;pwy, = (A¥); + (AW);.
k=1 k=1 k=1 k=1
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Similarly, (A(C\_"))i = Zai,k(cv)k = Zaiykcvk = cZaiykvk = ¢(AV);.
k=1 k=1 k=1

Page 12  Exercise 1.4.1: If the matrix A consists of a single row, then AV is a number.

Page 13  Exercise 1.4.23, part (a): The first term in the cited formula is 12, not a?:

3 2
n n n
124924 ...02=22 4 2 4 8
+2°+---n +2+6
not
3 2
9 9 9 M n n
9 Lenf= 4 4
a“+2°+--n 3+2+6

The solution to Exercise 1.5.3 uses the word infimum, not yet introduced. It means the same
thing as greatest lower bound, Definition 0.5.2.

Page 16 Part (d) of Solution 1.5.17 uses the property that the sequence a,, converges, but
the hypothesis of Theorem 1.5.16 (d) states that the sequence is bounded; it doesn’t say that it
converges.

The solution should be:

(d) Find C such that |a,,| < C for all m; saying that a,, is bounded means exactly that such
a C exists. Choose € > 0, and find M such that when m > M, then |¢,,| < €¢/C (this is possible
since the ¢, converge to 0). Then when m > M we have

€
lemam| = |em|lam| < EC =e.

Page 20  Solution 1.7.3, part (a): the last term should be 2z — sin z, not 2z + cos x:

f(x) = (3 sin?(x? + cos x)) (cos(ﬂc2 + cos ac)) (296 — sin x)
Page 24  Solution 1.9.1: the second displayed equation should have sin 1/h, not sin h:

. ghy—0 . 1
i 20 = i =0

page 26  Solution 1.9, part b: the matrix multiplication is wrong! This should be: The matrices
of the compositions are given by matrix multiplication:

00 1 010
[SoT]=[S|[T]=[1 0 0| and [ToS]=[T][S]=|0 0 1
010 10 0

2

Page 27  Solution 1.17: the first entry of the vector Av; is , not

Ve
Page 28  Solution 1.27: The solution for part (b) is really a second way of solving part (c).
Here is the correct solution for part (b):

2
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(b) This function is not differentiable. If you set g(t) = (g), then f o g(t) = 2|t| is not
differentiable at ¢ = 0 but g is differentiable at ¢ = 0, so f is not differentiable at the origin, which

is g(0). (If f were differentiable, then by the chain rule the composition would be differentiable,
and it isn’t.)

Page 32  Solution 2.1.9: There is a second invisible 1: second row, third entry.

Page 38 Part (b) of Solution 2.4.13 starts at the top of the page. The approximations to
!dz log2 = 0.69314718055995 ... obtained with the coefficients

0 1+x
1/8
1/2 %g 3/8
/2" 16 T 13/8
1/8
are .75 for n =1, 22 = .6944 ... for n =2, and 4§ = .69375 for n = 3.

Page 44  First line of Solution 2.6.5: The ith column of [R4] is [R4]€;, not [R4]€;.
Page 53  Solution 2.9.17, part (c): “If there were,” not “If these were.”

page 55  Solution 2.1 is wrong. It should be:

(a) Row reduction gives

We will consider separately the cases a = 1/3 and a # 1/3. If a = 1/3, we get

10 2 b

01 -3 % -b |,

0 0 O %(b — %)
so if @ = 1/3 and b = 1/3, there are infinitely many solutions (there is no pivotal 1 in the 4th
column or the 3rd column). If a = 1/3 and b # 1/3, then there are no solutions: by futher row
reducing we can get a pivotal 1 in the 4th column.

If a # 1/3, then we can further row reduce our original matrix to get a pivotal 1 in the 3rd

column. In that case the system of equations has a unique solution.

(b) We have already done all the work: the matrix of coefficients (i.e., the matrix consisting of
the first three columns) is invertible if and only if a # 1/3.

Page 56  Solution 2.11, part (a): The subspace has dimension 2, not 3.

Page 59  Solution 2.27: In the third displayed formula, |W||T should be |W'|. The second
displayed equation also has problems, because the dimensions aren’t right. We aren’t assuming



that A is square; if it is m X n, then for AV to make sense V must be a vector in R™. But then
AT is n x m so ATV does not make sense.

Here is a corrected solution:
First, note that

1Al = sup [A¥] = sup  [WTIAV|>  sup W AV; (1)
[V|=1 [W|=1,|v|=1 |W|=1,|v|=1
similarly,
[AT| = sup |[ATW|=  sup [¥T||[ATW|> sup [V'ATW|. (2)
[w|=1 [V[=1,|w|=1 [W[=1,|v|=1
Note also that
AT = | ((49)TW) | = [(A9) %] = [T ATW].

(Since (AV) "W is a number, it equals its transpose.)

Therefore, if we can show that the inequalities (1) and (2) are equalities for appropriate Vv, w,
we will have shown that |A] = |AT].

By definition,
4]l = sup |47,

[V|=1
and since the set {v € R" | || =1} is compact, the maximum is realized: there exists a unit

Avy
vector Vg such that |Avy| = ||4||. Let wg = Then

|A* I
—»T AV wl Av T A
|A| = |A¥o| = W Wo |AVo| = 0 A%, ||AV0| =w, AV = |W, AVy.
1
Therefore,
[Al = sup |WTAV|
|W|=1,]¥|=1
and by a similar argument,
IAT| =  sup [vTATW|

[W]=1,|¥|=1
It follows that |A] =]AT].
Page 61  Solution 3.1.1 shows that the unit circle is a smooth curve; the exercise asked you to
show that the unit sphere is a smooth surface:
The derivative of F (z) =22 +y>+22—11is[2z 2y 22], whichis [0 0 0] only at the

x

origin, which does not satisfy F' [ 4 | = 0. So the unit sphere given by 2> + 4> + 22 = 1 is a
z

smooth surface.



Page 62  Solution 3.1.9 includes some language introduced in Section 3.6:
The critical point ( 8) is a saddle point, where p goes up and g goes down. The other critical

points are x = 0, y = +1/+/2, which are minima.
The solution is complete without it.

Page 72  Solution 3.3.13 has an error on the last line; the %Luv should be deleted.
More serious, in the given solution we are using techniques from Section 3.4 Here is a new
solution, using the techniques of Section 3.3.

3.3.13 First, we compute the partial derivatives and second partials:

D fo 1+y D Fo 1+
O amryFay OV T aaEy Ty
Do VETVFW 0 U4ty —(14y)?
Eos 2(x +y + zy) Az 4y + oy
1+ 14z
g2 YIS saty+ay) = (L4914 )
o 2(z +y+xy) Az +y + ay)’/?
b f_v$+y+$y‘0*(1+f)ﬂﬁ_ (1+2)°
©as 2(z +y + ay) Ay )
At the point (:g) these are
—2 1-3
D =,
<170>f<_3) 27W—2-3+6
2\ 1-2 1
D<0’1>f(_3) B
) —(1—3)2
D(zo)f(_S) = (4 1) =-1,
2\ 21— (=2)(-1
D(l,l)f<_3> = (4 i )_07
-2 (—1)2 1

Write z = —2 +u, y = —3 + v; i.e., the increment h is (g) The Taylor polynomial of degree

2 of f at (:g is then 1 —u — $v + 1(—u? — $0?):

—2+u L 1o 1 12
= 1 - - 5 By 4
o (—3+v> - — i 2" * B A
-3 2 —
f _3 Dy Uf< 3> utv® D -2\ 0.1 1 - 2,0 -2
ouf| _5Juvt 3Deof| 5 utv %D(Oyz)f<_ >u%2
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Page 72  Two lines before Solution 3.4.1: “This shows that,” not “this show that.”
Page 73  Solution to Exercise 3.4.5: Several corrections are needed, in the part beginning “On
the other hand”:

In the displayed equation, the term beginning 4C' should be 8C. This leads to a = 1/3,
b+ 4c=8/3, and ¢ = 1/3. Thus the text should read

2h h2 3 2h
F(t)dt =24 + 4B 480 + / R(t) dt.
0 0

Note that fOQh R(t)dt € o(h?). Thus we find

1

a+bt+c=2 @=3
b+2c=2  ith solution b= é
b—|—40—§ ’
_3 c:1

3
Page 83  Solution 3.7.1: The first displayed equation should be
[dzy 22%)=X[4z +3y 3x], not [2zy 222]=A[4z+3y 3z].

84  Solution 3.7.5: The computed volume should be multiplied by 8; what we computed is just
the volume in the first octant, where x > 0, y > 0, z > 0. Thus the total volume is 44/2.

Page 86  Solution 3.7.13, second paragraph: “stretches,” not “streches,” and (in the second
line) “hyperbola,” not “parabola.”

Page 90  Solution 3.9.9, part 9c¢: Since the hypocycloid has four arcs, the length of one arc,
which is what the exercise asked for, is 3a/2.

7

Page 91  Solution 3.3, part (c): “computed in part (b),
Exercise 3.3.”

not “computed in the solution to

Page 92  Solution 3.11, part (a) : “implicit function theorem,” not “implicit function.” The
0 T
r | in the displayed equation should be | 0

0 0
r T
D,(ycosz—xsinz) | 0 | = —ysinz—xcosz | 0 | =—0-8in0—rcos0=—r#0.
0 0
T

(We are evaluating D, (ycosz —xsinz) at | 0 |, not multiplying.)
0



Page 95  Solution 3.21: This is correct but the notation is inconsistent with the problem. We
have rewritten the solution:

3.21 (a) Consider the figure below (left side). The cosine law says
e? =a? +d® — 2adcos ¢ = b* + ¢® — 2bccos .

FIGURE FOR SOLUTION 3.21. Left: Our quadrilateral. Right: An angle inscribed in a circle is half the
corresponding angle at the center of the circle. This is key to proving that a quadrilateral can be inscribed
in a circle if and only if opposite angles are supplementary, a result you may remember from high school.

(b) The area of the quadrilateral is given by adsin ¢ + besin .

(¢) Our quadrilateral satisfies the constraint
a® + d?® — 2ad cos ¢ — b — ¢® 4 2bc cosp = 0.

So the Lagrange multiplier theorem asserts that at the maximum of the area function, there is
a number A such that

[ad cos ¢, beeosp] = M2adsin ¢, —2bcsin ).

This immediately gives cot ¢ 4+ cott) = 0, i.e., opposite angles are supplementary (i.e., sum to
180°). It follows from high school geometry that the quadrilateral can be inscribed in a circle.
(The key statement used is that an angle inscribed in a circle is half the corresponding angle at
the center of the circle, as shown to the right of the figure above.)

Page 109  Solution 4.5.17, first line: rth smallest, not largest.
Page 115  Five lines from the bottom and seven lines from the bottom: “property (d)” should
be “property (4).”

Page 117  Exercise 4.10.3 should have been:

“Show that in complex notation, with z = x + iy, the equation of the lemniscate of Figure
4.10.3 can be written [2? — 1| = %.” The equation given in the text is the equation for a different
lemniscate.

Solution for corrected exercise

Since |22 — | = —3 has no solutions, squaring both sides of |22 — 3| = 4 does not add more
points to the graph. Squaring both sides gives |22 — %|2 = i, which can be rewritten
1 ? 1
1= 2 cos? 0 + ir®sin? 0 — 3| = 4 cos? 20 — 12 cos 20 + 1 + r*sin? 26,

which gives the desired result:

r2(r? —cos20) =0, ie., r*=cos26.



Correction to solution given in the solution manual, for the original exercise

In the first paragraph, “Since —|22? + 1| = —1 describes the same set of points as |22 + 1] = 1,
squaring both sides does not add more points to the graph” should be
“Since |22 4+ 1| = —1 has no solutions, squaring both sides of |2? + 1| = 1 does not add more

points to the graph.”
Page 122  Exercise 4.11.1, first line: |x||? should be |x|?.

Page 124  Solution 4.11.11: The solution in the manual is correct, but here is another solution,

by Cornell student Vorrapan Chandee, then a freshman:
It is clearly enough to show the result for any monomial xlfl ---zkn . By Fubini’s Theorem, we

have

_ 2 _ .2 2
/ ahr gk e X gy | = / e gk em T gy
n n

n

2 2
= </ x’fle_I1|dx1> e (/ x’;;ne—w—n
R R

The original integral exists if each integral in the above product exists.

dxn|> .

So it suffices to show that the one-dimensional integral fR zke= |dx| exists for k =0,1,2,....
By a symmetry argument, we can reduce this to showing that f(])R zke=" dz exists.

*_ which is easily seen to be integrable over [0, c0).

But z¥e" is eventually dominated by e~
Page 130  Solution 4.15, last line: mc? should be 7u? (substituting ¢ = 7/2 in 2cu?).
Page 133  The solution to Exercise 5.1.3 is correct, but it does not use the hint given in the

textbook. Here is a solution using the hint:

Set T' = [V4,..., Vk]. Since the vectors V1,. .., Vy are linearly dependent, rank T < k. Further,
ImgT T Cc ImgT", so

rankT' T < rank 7" = rank T < k.
~—
Prop. 2.5.12

Since T7T is a k x k matrix with rank < k, it is not invertible, hence its determinant is 0, so

volg P(V1,..., Vi) = Vdet TTT = 0.

Page 135  Solution 5.2.5: In the second line of the remark, we use the notation v* f, which we

haven’t yet defined. It can be replaced by f o~.
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Page 136  In the solution to Exercise 5.3.5, part (a), we say that the integral can’t be computed
using Maple. We had been using version 5. With version 7, it can:

A 9+ r2(dsin 0+ 9cos20) drd = —2— [ 360/ 10 o2eltipticky /5
- ry/9 + r2(4sin® 0 + 9cos? 0) dr “irae 9+4a2aelptlc ey
1+a? . . -5 a? [1+a? , . . ] a?

14/ ———=ellipt — = 1 llipticE4/ —
+8 9+4a2€ 1p1c7r<4, 59—|—4a2 + 16 9+4a2ae1plc 59—|—4a2
1+a? 5 . . a?
+ 364/ 9+4a2a elhptlcE\/f5—9+4a2 -9V 1+4+a?|.

(The elliptic functions “elliptic K,” “elliptic E,” and “elliptic 7" are tabulated functions; tables
with these functions can be found, for example, in Handbook of Mathematical Functions, edited
by Milton Abramowitz and Irene Stegun (Dover Publications, Inc.).)

Page 144  Solution to Exercise 5.3.21 (which starts on page 143): the second line of the first
displayed equation should be (pzszp’l +¢?s2 1 4 7"232“1)2, not (]9252”’1 + q282q’1r232“1>2.
Page 148  Next-to-last line: “bigger than the dimension,” not “bigger the dimension.”

Page 151  Solution 6.1.17, end of first paragraph of part (b): “spade”, not “space”.

Page 153  Solution 6.2.1, part (b): Second line of displayed equation, P° should be P.

Page 154 In the first line, the three vectors should be written with square brackets and they
should be enclosed in parentheses. Also, the numbers should be aligned.

Page 154 In Exercise 6.2.3, part (b), the last line has an extra “2”. It should be

1 1—w (w—1)2—0v2
= / / / 2(u—v)(w —v)du | dv | dw.

0 —(1-w) \J—y/(w-1)2—02
Page 155  Solution 6.3.7: We wrote on page 231, “The tricky point when changing bases is not
getting confused about what direction you are going. Going from new basis to old, use the change
of basis matrix. Going from old to new, use its inverse.” We got mixed up anyway. The change of
basis matrix given for part (c) is actually the change of basis matrix for part (b), and vice versa.

Thus parts (b) and (c) should be

(b) The basis w1, Wy is also direct since

2 1 2 1
dx ANdz =31,121{, :det{_4 5}:14.
—4 5
Since v; = (2/7)W1 + (3/7)Wo and Vo = —(1/7)W; + (2/7)W2, the change of basis matrix is

2/7 —1/7] . .
{3/7 2/7] , with determinant 1/7.
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(c) The determinant is 7, the inverse of the determinant in part (b). (This uses Theorem

4.8.11.) We can also do it by direct computation: Since W1 = 2V, — 3Vy and Wy = V; + 2Vs, the
1

change of basis matrix is {_g 2} , with determinant +7. But this is unnecessary work.

If you find “new to old” description given in the text confusing, here is another description.

Let V be a vector space with two bases, basis {v'} and basis {v}. You can then create two
change of basis matrices. The ith column of the “{v'} to {v}” change of basis matrix consists
of the coefficients of the ith basis vector of {v’}, written in terms of the basis vectors of {v}: if

D1
Vi = P1,iV1 + - + Pn,iVn, the ith column of the change of basis matrix [Py} v1] is
Pni

This matrix allows us to translate any vector “written” in basis {v’} into the same vector

“written” in basis {v}: if

—

a1vi+ -+ a,vl, =byvi + -+ b,v,, then [P{vy {vi]d =Db.

Thus we start by knowing how to write the basis vectors of {v'} in basis {v}) and we end up
with the same knowledge about any vector written in the basis {v'}.

The “{v} to {v'}” change of basis matrix is the inverse of the {v'} to {v}” change of basis
matrix. It consists of the coefficients of the ith basis vector of {v}, written in terms of the basis
vectors of {v’'}. This matrix will take the coefficients needed to write any vector in basis {v} and
will give the coefficients needed to write that same vector in basis {v’}.

The bottom line: If you are asked to write the change of basis matrix to go from basis A
to basis B, the first thing you must do is to write each basis vector of A as a linear combination
of the basis vectors of B. The coefficients you get are the entries of your matrix, but make sure
to write them as a column, not a row: the coefficients used to write the ith basis vector of A in
terms of the basis vectors of B form the ith column of the A to B change of matrix.

Page 156  Solution 6.3.9: We asked for a unit vector field, so we need to divide F (“Z) =

{x—yl] by its length, which is y/(z — 1)2 + 32 = 2.

€

Page 157  Solution 6.3.15: In the second paragraph, F' | z2 | = 2% + 23 + 23 = 0 is nonsense,
Zs3

and the 2d, in the derivative should be 2x5:

... The subset M is a 3-manifold in R*, since the fourth variable is a function of the other three.
&
€2
3
T4

This 3-manifold is given by the equation F'(x) = 0, where F' =2} + 23 + 2% — z4. To find
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an orienting form using Proposition 6.3.8 we would compute the derivative [2z1, 225, 223, —1]
2£E1
2(E2
2%3
-1

to get the normal vector il = , and compute ... .

Page 158 Parenthetical comment after the first displayed equation: this would probably be
clearer as follows:

(Theorem 3.2.4: If F(x) = 0 describes a manifold M , the tangent space Tx M is the kernel of
the derivative of F'.)

Page 161  Solution 6.5.7, first line: Figure 6.5.4, not 6.5.3.

Page 167  Solution 6.6.7, part (b): In the first displayed equation, the second function should
be g, not f.

Page 172  Solution 6.7.11, part (b), end of first paragraph: Theorem 6.7.8, not A6.7.8.
Page 173  Solution 6.8.3 (c), sub-part (c): ®(V1, Vo, V3) is meaningful if it is in R*.

Page 173  Solution 6.8.5 is garbled. Here is the correct version.

ons wer()-[] wer(2)-[ 2]

xT
(c)Vf(g):xQ—}ryz[;ﬂ (d) Vf ‘Z _sgﬁc(izitz) 1

Page 173  Solution 6.8.7: The d after the third equal sign should be dropped:

df:VVgradf:VV[F1 :(Fldx+F2dy)

Fy

Page 174  We had omitted part (c) of Solution 6.8.11. Below we compute, in great detail, curl
and div of the first vector field, directly from the definition of the exterior derivative. This is an
instructive exercise, if somewhat tedious; we recommend that you do at least one of the four.
Curl of the vector field in (a)

Wg will compute dWz = @
curl F'. Since

eurl 70 the flux form field of curl F , and from that we will compute

Wgz= 22y dr — 2yzdy + 2*y* dz

is a 1-form, its exterior derivative is a 2-form. By Definition 6.7.1, we have

1
dWp = lim — / w2y dr — 2yzdy + 23y% dz.
h—=0h? Jo(p,(h1,he2))

If you attempt to compute this using random vectors vy, Vo, you will regret it. Instead, re-
member (Theorem 6.1.7) that any 2-form can be written in terms of the elementary 2-forms.
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So

dWgz=®_  z=advNdy+bdyNdz+cdx Ndz

for some coefficients a,b,c. Theorem 6.1.7 says that to determine the coefficients, we should
evaluate dWWz on the standard basis vectors.

Thus to determine the coefficient of dx A dy we will integrate Wz over the oriented boundary
of the parallelogram spanned by h€;, h€s, computing

lim — / w2y dr — 2yz dy + 23y* dz.
OP, (hel hez)

To do this, we parametrize each edge of the parallelogram shown in the figure below and give
it a plus or minus depending on its orientation:

(1) Px(hé&1) parametrized by v (t) = x + t€;
(2) x+he1 (hés3) parametrized by  2(t) = x + hé; + t€s
(3)  Pxins,(h€1) parametrized by  v3(t) = x + hés + t€;

(4) Px(hé2) parametrized by  v4(t) = x + t€s
First, we will determine the orientation of each edge. Using Proposition 6.6.15, we have

OPx(h&1, h&s) = (—1)°(Pxiha, (h€2) — Px(h&3)) + (—1)" (Pxtna, (h€1) — Px(h&1)),

so edges (1) and (2) come with a plus sign, while (3) and (4) get a minus.

FIGURE FOR SOLUTION 6.8.11, PART C. The parallelogram spanned by h€1, h€z. In our calculations,

x
we denote by x,y, z the entries of x: x = (y) .
x

We must integrate z2y dx — 2yz dy + 23y? dz over each parametrized edge, but note that for the
first edge (and the third), we are only concerned with x2y dx, since dy(€;) = 0 and dz(&;) = 0. If
you don’t see this, recall (Equation 6.4.38) how we integrate forms. To integrate x2y dx —2yz dy +

23y? dz over the first edge, we integrate z2ydx — 2yz dy + x>y dz(D?yl(t)) over the first edge
parametrized by v;. But Dt_q;l (t) = é.
Thus for edge (1) we compute
z%y eval. at vy (t)
1 I A .
h? (P (hel,hez))x o= h2/ @+ 8y de(@)dt

h

1
— xzy + 2xyt + 2y dt =

1
=13 — (2Pyh+ayh® +...).

h
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Notice that t2y will give a term in h3; once we divide by h? it will be a term in h, which will go
2

to 0 as h — 0. So we can ignore it. The terms that count for edge (1) are % + 2y, both taken
with a +. (The h in the denominator might be worrisome — what will happen as h — 0?7 But
we will see that it cancels with a term from another edge. That is the point of having an oriented
boundary!)

For edge (2) we are only concerned with —2yz dy, since dz(€2) = 0 and dz(&€3) = 0. We compute

1 h
7z / —2yz — 2tz dt,
0

which gives
.. . . $2y 2 . .
A similar computation for edge (3) gives the terms e +xy+x°, each term taken with a minus

-2
sign; for edge (4) we get % — z, also taken with a minus sign. Thus we have

I x? —2yz x? 2yz
3(Px(he1,h€2)) = Ty +oy + hy -z _Ty —ay — 2* —i—% +z=—2°
—_——  ——

from edge (1) from edge (2) from edge (3)

We can substitute this for a in Equation (1):
@

Recall (line after Definition 6.5.2) that Sz =FrdyNdz—Fydr Ndz+ FsdrAdy, so —22 should be
the third entry of curl F'; which is indeed what we got in part (a) (with considerably less effort!).

—z2dx Ndy +bdy Adz + cdx A dz.

curl F —

For the coefficient of dz A dz we integrate over the boundary of the parallelogram spanned by
hé1, hés. To save work, we note that for edges 1 and 3 we are interested only in 2%y dz, and for
edges 2 and 4 we are only interested in z3y2 dz. We get

2 3,2
o L x x
O(Px(h€y, hés)) = Ty, Ty + Ty 4 32%y% — — oy ——7 = 32%y?

h h h h
————
from edge (1) from edge (2) from edge (3)

x2y x3y2

Since in the formula for ® 5 the coefficient of dx A dz is — I3, the second entry of curl F should be
—32%y?, which is what we got in part (a).

A similar computation involving €, €3 gives the coefficient for dy A dz, i.e., the first entry of
curl F'.

Div of the vector field in (a)
Now let’s compute the divergence of the vector field in (a), by computing d® z = p;, . Since
bz = 22y dy A dz + 2yzdx A dz + 23y do A dy

is a 2-form, d® z is a 3-form and can be written adx A dy A dz for some coefficient a. We will
find « by integrating 2%y dy A dz + 2yz dx A dz + 23y? dx A dy over the oriented boundary of the
parallelogram spanned by he€y, h€s, h€s, shown below.
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The boundary consists of six faces, which we parametrize as follows, where 0 < s,¢ < h, and
x
x = | y |; we use Proposition 6.6.15 to determine which faces are taken with a plus sign and
z
which are taken with a minus sign:

1.~ (‘;) = X + $6€; + t€3, minus. (This is the base of the box shown above.)

2. v (‘Z) = X + h€3 + s€;1 + t€s, plus. (This is the top of the box.)

3. v (‘;) = X + 561 + t€3, plus. (This is the front of the box.)

4. v (‘2) = X + h€s + $€;1 + t€3, minus. (This is the back of the box.)

5. v (‘;) = X + $€5 + t€3, minus. (This is the left side of the box.)

6. v (‘;) = x + h€; + $€3 + t€3, plus. (This is the right side of the box.)

For the integral over the first face, we are only concerned with x3y? dzAdy, since dyAdz(€,&2) =
0 and dz A dz(€1,€3) = 0. So we have

23y%dandy eval. at 7(‘;) SN
Dsy,Dey

1 ) 1 h rh - ——
—3/ w3y de AN dy = —3/ / (z + 8)*(y +t)%dx A dy (&1, 62) ds dt
h3 Jap,.(he, hes) k3 Jo Jo

After discarding everything that will give terms in h*, dividing by h® and giving the correct
orientation, we are left with the following for the first face:
—3y?  3a%y?
o2
For the top of the box we get exactly the same terms, but with opposite sign.
For the third face (the front), we get

— 23y,

2yz
Y
For the fourth face (the back), we get
-2
vz y —2z.

h

For the fifth and sixth faces, we are concerned only with z2y dy A dz. The fifth face gives
2%y 2
h

X
9
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For the sixth face, we get

2 2
Ty T
—= +2 —.
h+zy+2

After cancellations, this leaves 2zy — 2z. Thus
d® s = py,, 7 = 2xy —2z)dx Ndy N dz.

By Equation 6.5.11, div F = 2zy — 2z, which is what we got in part (a).
We will not work out curl and div of the second vector field, since the procedure is the same
and you can check your results from part (b).

Page 176  The end of Solution 6.9.5 should be

So
1 4 abcT
I3(A) = - — | = .
volz(A) abc<8>(3> 5

abem
2

Finally, / w=3volzg(A) =
s

Page 177  Solution 6.9.7: In the last three lines of the four-line equation, we omitted |d?ul.

Page 178  Solution 6.10.11: the function should be in parentheses:

/ dd ., , :/ (2x + 2y +2z)dx ANdy A dz
ball [22] ball

z2

Page 179  Grammatical typo in Solution 6.10.15, part (b): there should be end quotes after

“the surface X, , of equation 2!’ + 2.

Page 181 We included extra solutions by accident.

Page 182 Last displayed equation of Solution 6.11.5 ﬁ, not d:
x
?+y? | el 2, .2
y —V(iln(x +y7) |-
1'2 + y2

Page 187  Solution 6.19 is correct but does not use Theorem 6.8.3. Here is a solution that does:
We have curl(grad f) = 0 since

0= ddf = dW§f = (I)Vxﬁf = (bcurl(gradf)'
We have div curl F = 0 since

0= ddWz = d® div curl F) da A dy A dz.

curl F — pdivcurlﬁ = (

Page 196  The book contains no solution for Exercise A14.1. Here it is:
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A14.1 By definition, H = (1/2)(A3,0 + Ap,2). The calculations in the proof of Proposition 3.8.9
give us expressions for Ay ¢ and Ago. It is now straightforward to show that H is given by the
desired expression. Remember we have set ¢ = y/a? + a2, so that a? + a3 = 2.

1
H= B (A2 + Aoy2)

- 1
T Vit e (az0a3 = 2a1,10102 + ao,2a7) — 2¢2(1 + ¢2)3/2 (az,003 + 2a1,1a1a2 + ag 203)
1
= sy e 00 (B0 ) +ad) — 200 (146 - 1) + aos 1+ ) + )
C c
1
= —m (a2,0c2(1 + a%) - 2a171a1a202 + aO)QCQ(l n a%))
1

= a270(1 + a2) - 2a1’1a1a2 + a(),g(l + a2)
2(1+c2)3/2( ? )



